Consider a bunch of interacting electrons confined in a quantum dot. The later is suddenly coupled to semi-infinite biased leads at an initial instant t = 0. We identify the dominant contribution to the ergodic current in the off-resonant transport regime, in which the discrete spectrum of the quantum dot is well separated from the absolutely continuous spectrum of the leads. Our approach allows for arbitrary strength of the electron-electron interaction while the current is expanded in even powers of the (weak) lead-dot hopping constant τ . We provide explicit calculations for sequential tunneling and cotunneling contributions to the current. In the interacting case it turns out that the cotunneling current depends on the initial manybody configuration of the sample, while in the non-interacting case it does not, and coincides with the first term in the expansion of the Landauer formula w.r.t τ .
Introduction
The dominant role of electron-electron interaction at mesoscopic scale has long been recognized, effects like Coulomb blockade, Kondo correlations or charge sensing being currently observed and even manipulated in transport experiments. The typical system consists of a few-level quantum dot coupled to source and drain probes (leads).
In the physics comunity, different approaches to the transport problem in interacting systems were developed and intensively used for numerical simulations. The choice of the method depends on which parameter of the problem allows for a perturbative treatment. If the interaction strength U is rather small, one can use the non-equilibrium Green-Keldysh formalism to compute transient or steady-state currents by approximating the interaction effects at different levels [14] . In the strongly interacting case, two alternative methods are available: the first one is the T-matrix approach [2] , and the second one is the generalized Master equation formalism [18] . Both methods rely on perturbative expansions w.r.t to the parameter τ which measures the coupling between the leads and the sample, while U is typically much larger that τ .
Compared with the richness of the physics literature on these subjects, only few rigorous results exist on time-dependent transport in interacting systems, and they only apply to weakly interacting systems [10, 7] . More precisely, one needs two important conditions in order to guarantee the existence of a stationary state (NESS): 1. the single-particle Hamiltonian describing the noninteracting system has purely absolutely continuous spectrum and 2. the interaction strength is sufficiently small. Under these conditions, one can write down exact formulas for the stationary current, but the calculations must be performed perturbatively in the interaction. These results are valid both for the partitioning [3] and the partition-free [4] transport scenarios; moreover [7] , one can prove that in the partitioning case the stationary current is independent on the initial state of the sample.
In this paper we deal with a strongly interacting regime which drastically differs from the one discussed above. In particular, the previously mentioned two conditions are not satisfied. More precisely, here we only consider quantum dots whose discrete spectrum is far away from the absolutely continuous spectrum of the leads. Otherwise stated, this off-resonant condition says that the single-particle Hamiltonian of the fully coupled system has discrete bound states and no resonances. The existence of a stationary state in this case is still an open problem and we do not address it here. We know though that even in the non-interacting case one must take the ergodic limit in order to kill off the bound state induced current oscillations [1, 8, 17] .
From now on τ will denote the hopping constant between the leads and sample. If I α,t (τ ) is the current at time t ≥ 0 in a given lead α, its ergodic (Cesàro) limit is defined as: where the second equality expresses the known fact that if the Cesàro limit exists, then it can also be calculated through the Abel limit η ց 0.
The central object of our study will be the quantity I α (η, τ ) := η ∞ 0 e −ηt I α,t (τ )dt, η > 0, (1.2) and its behavior as a function of τ . We will show that for a fixed η > 0 and for τ /η sufficiently small one can expand the RHS of Eq.(1.2) in a convergent series of even powers of τ , that is:
3)
The main questions are the following:
1. When does the Cesàro limit I α,∞ exist? (This would imply that I α (0 + , τ ) exists and equals I α,∞ ).
2. How many coefficients C α,2k (η) admit the limit η ց 0?
3. If I α,∞ exists, does it have an asymptotic expansion around τ = 0? If yes, can we write:
We have a good understanding of the problem for non-interacting systems. The off-resonant condition on the spectrum of the one particle Hamiltonian is crucial; in the resonant case we can prove that I α,∞ exists and has an asymptotic expansion, but its leading coefficient is not given by C α,2 (0 + ) (compare (4.4) with (2.15)). The interacting case is open.
In this paper we will identify and compute the coefficients corresponding to k = 1, 2 for the interacting case under some off-resonant conditions. These two terms have a clear physical meaning. C α,2 describes the sequential tunneling processes (i.e. electrons enter or leave the dot one-by-one). In the off-resonant regime considered here this contribution is absent because the energy conservation requires some levels of the isolated dot to be within the continuous spectrum of the leads. C α,4 then gives the dominant contribution to the current and contains the socalled cotunneling processes, in which electrons tunnel from and to the dot in pairs (cooperative tunneling). To our best knowledge, the cotunneling regime has not been previously discussed in a rigorous context.
Before summarising the content of the paper let us comment on the different transport regimes (i.e. resonant vs. cotunneling) and some subtleties related to the existence of NESS and of the perturbative expansion w.r.t. τ . In the absence of the electron-electron interaction the steadystate current is given by the Landauer formula (see (4.1)) which has been rigorously proved using various methods [1, 8, 6, 15, 5] . This formula implies an effective resolvent which is not always analytic w.r.t τ (see the discussion around (4.2)and (4.4)).
The paper is organized as follows: in Section 2 we introduce the model, the problem, state the main result, and give a number of consequences. Section 3 deals with the thermodynamic limit while Section 4 contains the proof of the sequential and cotunneling formulas. Section 5 is devoted to numerical results obtained via the generalized Master equation method [13] . We find out that in the off-resonant case the current does not settle to a steady-state, but the ergodic limit seem to exist. We conclude in Section 6.
Notation, setting and the main result
We shall adopt the partitioning approach to the transport problem [3] . A finite system S is coupled to M ≥ 2 noninteracting one-dimensional semi-infinite leads (i.e. particle reservoirs) at some initial instant t 0 . For simplicity, we consider a discrete model in which the sample is modelled as a finite lattice Γ ⊂ Z 2 and the leads are described by one-dimensional discrete Laplacians on the half-line with Dirichlet boundary conditions. The one-particle Hilbert space is thus
We shall use the geometrical (standard) basis in H L , which is the set {|i α : i ≥ 0, 1 ≤ α ≤ M } where i α means the i-th site of the lead α. Similarly we have the basis {|m } m∈Γ for H S . We denote by |m α the vector corresponding to the sample site to which the lead α is attached.
The leads are suddenly coupled to the sample at t = 0. Then for t > 0 the single-particle Hamiltonian reads as:
where
In the above equation h T is the so called tunneling Hamiltonian and τ is the coupling strength.
Here {t mn } m,n∈Γ is any symmetric matrix and t L > 0 is the hopping constant of the leads. We also introduce the eigenfunctions and eigenvalues of h S and the generalized eigenfunctions of h γ :
where E is the energy associated to an electron propagating on leads with momentum q ∈ (0, π) (the leads are identical). The explicit form of ϕ γ E in a given site i ≥ 0 of the lead γ is taken to be:
When the leads are finite and of length Λ, the lead spectrum is purely discrete and given by {ε qγ } where q now takes discrete values. A corresponding eigenfunction is denoted by ϕ qγ . The notation of the corresponding Hamiltonians is changed into h
γ , and we have:
We now formulate the transport problem in the language of second quantization (see [12] for the standard procedures and notations). Let F = F L ⊗ F S be the Fock space constructed from the Hilbert space H. The interaction of strength U between electrons in the sample is given by the two-particle operator:
where a * (|m ) and a(|n ) are creation and annihilation operators in the sites m, n and v(m − n) is a pair potential which by assumption is bounded for m = n. These operators act in the antisymmetrized Fock space F S generated by l 2 (Γ). Similarly one defines creation and annihilation operators in the leads, and then rewrites h in the second quantization w.r.t the geometrical basis. We use capital letters to denote the second quantized versions of the one particle operators:
Then the total Hamiltonian of the coupled and interacting system reads as follows:
The current operator in the lead α is introduced as the time derivative of the electron number operator N α = i≥0 a * (i α )a(i α ). Using the anticommutation relations one gets:
¿From now on we adopt the convention e = = 1. Note that the same form of J α holds for leads of finite length. The different chemical potentials of the leads are µ = [µ 1 , µ 2 , ..., µ M ], and the inverse temperature β > 0 is taken constant. The equilibrium sub-state of the leads is characterized by the following density matrix:
which consists of a Gibbs state on each lead. The initial density matrix of the sample ρ S can be any positive function of H S + V , with trace one. For example, if at t ≤ 0 the mesoscopic sample is empty, then we have to take ρ S = |0, 0, ... 0, 0, ...| where |0, 0, ... is the vacuum state in F S written w.r.t the occupation number basis. But equally well, one may also consider that the sample already contains a few interacting particles at t ≤ 0. Let us denote by |ν the eigenstates of H S + V , and by E ν its manybody energies ((H S + V )|ν = E ν |ν ). Without loss of generality, we will take ρ S to be a pure state given by an initial many-body state (MBS) henceforth denoted by ν 0 . Thus ρ S = |ν 0 ν 0 |.
The main quantity we are interested in is the statistical average of the current operator on lead α. To this end we introduce the statistical operator ρ (Λ) of the system with finite leads. It solves the quantum Liouville equation for t > 0 and is given by:
If B is an observable acting in the Fock space F , we denote by B(t) := e itH (Λ) Be −itH (Λ) its Heisenberg evolution. Then the average value of B at time t is defined as: 13) whenever this limit exists. Then our results are summarised in the following theorem:
and defines an entire function of τ .
. Then one has (see (1.3) and (2.6)):
where:
Assume that the following two off-resonant conditions are fullfiled: a). If |ν , |ν ′ differ by one particle, then
. Then we have:
where P γα is the cotunneling rate:
Remark 2.2. Provided that (1.4) holds true, if τ is sufficiently small then the ergodic current I α,∞ should be well approximated by τ 2 C α,2 (0 + )+τ 4 C α,4 (0 + ). Both terms describe tunneling processes from and into the dot. Note that E ν ′ = E ν0 is allowed in the above sums, thus χ L (E − E ν ′ + E ν0 ) has to be replaced by 1 in those terms. Remark 2.3. In the expression of C α,2 (0 + ), the factor (1 − f α (E))|A νν0 | 2 is the tunneling probability from the dot to the leads of an electron with energy E (the corresponding state in the lead must be empty). Similarly, the second term of C α,2 (0 + ) represents processes in which the many-body state of the dot changes by 'absorbing' one electron from the leads. These processes are called sequential, as electrons tunnel one by one. It is clear that in the off-resonant regime (i.e.
) the sequential tunneling is suppressed and one has to go to the next term. Note that in the resonant regime of the non-interacting case, this term cannot be recovered by expanding the Landauer formula in powers of τ (see (4.4) for further details). The phenomenon which happens is well described by the following toy example. Let K be a constant either equal to 0 or 1. Define the functions:
The resonant case is modeled by the condition K = 0. In that case we have:
which shows that C α,2 (0 + ) = 1 and we cannot recover the 'true' behavior of I(0 + , τ ; 0) from such an expansion. The off-resonant case is modeled by K = 1. Then:
In this case we see that C α,2 (0 + ) = 0 and C α,4 (0 + ) = π/4, and they provide a good approximation for the 'true' value of I(0 + , τ ; 1).
Remark 2.4. The contribution I α,cot := τ 4 C α,4 (0 + ) is the so-called cotunneling current. Further discussion on it will be given in Section 5.2. Here we only stress that in the absence of the bias, I α,cot = 0 because in this case the chemical potentials of the leads are equal and hence P γα = P αγ . In the off-resonant non-interacting case, we can prove that it does not depend on the initial state in the sample and it is given by the first term of the Landauer formula (see (4.17) ).
Remark 2.5. Memory effects and dependence on the initial state. For small samples one is able to simplify the formula giving the cotunneling current. A typical example is a two-site quantum dot. Let us denote by e 1,2 the eigenvalues of the non-interacting dot. We also have that h S φ 1 = e 1 φ 1 and h S φ 2 = e 2 φ 2 . The four many-body states are E 1 = 0 (empty sample), E 2 = e 1 (the ground state of h S ), E 3 = e 2 (the excited state of h S ) and E 4 = e 1 + e 2 + U (fully occupied) where U denotes the strenght of the Coulomb interaction. Let us consider that the initial state of the system is |ν 0 = |10 and E ν0 = e 1 , which means that before the coupling we start with exactly one electron in the sample, occupying the lowest level.
The two spectral conditions imposed by the off-resonant regime have to be checked for any given set of parameters. Let us explicitely write down these conditions for a sample having only two sites: a).
. These conditions can be satisfied in many situations, for example when both e 1,2 are either very negative or very positive such that they are far away from the spectrum of the leads.
The cotunneling current in Eq.(2.18) can be further simplified by calculating the coefficients A and A * . In order to do that we have to express the creation and annihilation operators in the contact sites a # (|m α ) and a # (|m γ ) in terms of creation and annihilation operators in a given single-particle eigenstates a # (|φ 1 ) and a # (|φ 2 ). This leads to obvious selection rules for the MBS. Calculating the cotunneling rates terms one can identify elastic and inelastic contributions to the current:
and
Let us comment on the two contributions to the cotunneling in this case. Obviously I el is given by a Landauer formula, even if the interaction strength U appears in one of the denominators. The two electrons implied in the pairwise tunneling have the same energy E hence this is elastic cotunneling. This contribution can be compared with the one calculated in Ref. [16] via what the authors call the 'T-matrix method'. To make the connection to their results one should use the cotunneling rate γ RL 11 given in Eq. (19) of Ref. [16] and calculate the steady-state current as γ
In contrast, I in can no longer be written in a Landauer form and contains inelastic processes, as the energies in the Fermi functions do not coincide. Note that I in vanishes in the non-interacting case: this happens because for U = 0 the contributions of various inelastic processes cancel each other. Moreover, if
We can repeat this computation choosing the initial condition |ν 0 = |00 (the sample is empty before coupling it to the leads). In this case we find:
(2.22) Otherwise stated, for this initial state of the sample the cotunneling current is given by the noninteracting Landauer formula. This means that the cotunneling current in the interacting case depends on the initial conditions of the sample. This is not such an unexpected result, as different initial many-body configurations of the sample select different relevant cotunneling processes. We stress though that this memory effect concerns only the cotunneling current in the off-resonant regime. In the resonant case where sequential and cotunneling processes coexist we do not expect this to happen.
3 Proof of (i): thermodynamic limit and the definition of the transient
In mesoscopic quantum transport we have to deal with two aparently contradictory conditions: 1). the leads must be finite if we want the total density matrix to be trace class, and in that case the total Hamiltonian has purely discrete spectrum; 2). the total Hamiltonian must also have some continuous spectrum since otherwise the ergodic current would be identically zero. The correct way out is to fix the time t, define the expectations at finite leads and afterwards make them infinitely long. Only after the thermodynamic limit we can let t to go to infinity. More than that, the total density matrix is not the good object to work with, and any formal perturbative expansions in τ at t = ∞ before the thermodynamic limit has no clear mathematical meaning. In this section unless otherwise stated the leads are assumed to be of finite length Λ. But for the simplicity of writing we omit the label Λ on the leads' Hamiltonian. In order to get an expansion of the current in powers of the tunneling Hamiltonian we define W (t) = e itH0 e −itH , verifying the equation:
Then the solution is:
ds 2 ...
Using the ciclicity of the trace and the definition of W (t) one rewrites Eq.(2.14) as follows:
It is clear that by replacing W (t) as given by Eq.(3.2) in Eq.(3.3) one obtains a full expansion of the current w.r.t the tunneling Hamiltonian H T . Our strategy is to show that one can perform the thermodynamic limit on each term in this expansion. Let us make a few remarks on the structure of these terms and give the main steps we follow for calculating them. i) Given the structure of W (t) and H T the current will be a series of monomials containing combinations of creation/annihilation operators from both the leads and the sample. However, due to the particular tensor product form of ρ (Λ) 0 , the particle number conservation requires that in all monomials with a non-vanishing contribution to the trace, the number of creation operators should equal the number of annihilation operators separately for the sample, and for each lead. It also means that each such monomial contains an odd number of H T 's and is of even order in τ since the current operator itself is proportional with τ .
ii) In order to simlify notation, we write a # (x) instead of a # (|x ), that is we identify the site x with the basis vector |x . We deal with the operators acting on F S by systematically inserting the projections of many-body states {|ν ν|} between any two H T 's. Using the matrix elements A νν ′ introduced above (see Eq.(2.16)) and the shorthand notationã # t (x) = e itH0 a # (x)e −itH0 one has for example:
Note that A νν ′ couples many-body states whose particle number differ by at most one. Also, A νν ′ does not depend on Λ, thus the thermodynamic limit is only relevant for terms of the type:
iii) Next we change the representation of the operators using the eigenstates ϕ qα k of the leads' Hamiltonian:ã
where we introduced the notations:
and ϕ(0 α ) = ϕ qα , 0 α . The general term on which one should perform the thermodynamic limit reads as follows:
where in the trace above there are precisely N creation and N annihilation operators from the leads. We introduced the shorthand notations α := (α 1 , .., α 2N ), q α := q α1 , .., q α2N and # := # 1 , ..# 2N . The trace is further calculated using the Wick theorem (see [9] ) which holds because the leads are noninteracting. The idea behind the Wick procedure is to systematically use the anticommutation relations in order to reduce the monomial of order 2N to a sum of monomials of order 2N − 2. The simplest case corresponds to all six combinations for N = 2. For example:
where we used the cyclicity of the trace, the identity a
and the well known
, where f α is the Fermi function associated to lead α. One can easily show that all allowed combinations of 4 operators can be expressed in terms of products f f , f f and f f , where f = 1 − f . Also, it is important to observe that due to the Kronecker symbols the sums over q's are reduced and one actually obtains products of terms which are of the following type:
The second term appears from combinations containing f f . For terms of higher order one proceeds in a similar way using the general formula (see Eq.(24.36)) in Ref. [9] :
..a
Thus we have shown that the thermodynamic limit is to be performed only on factors like in (3.9). We give this result as a general lemma: Lemma 3.1. Let N Λ be the set {0, 1, . . . , Λ} with Λ ≤ ∞. Let h ∞ be the discrete Laplace operator on the halfline N ∞ with Dirichlet boundary condition at −1, and h Λ is the restriction of h ∞ on N Λ with Dirichlet conditions at −1 and Λ + 1. Let F be any continuous function defined on the interval [−2t L , 2t L ]. Then we have:
Because F is continuous on this interval, it can be uniformly approximated with polynomials. The Weierstrass approximation theorem says that there exists a polynomial P ǫ (x) = N j=0 a j x j such that
The spectral theorem implies that ||F (A) − P ǫ (A)|| = ||F − P ǫ || ∞ for any self-adjoint operator A whose spectrum lies in [−2t L , 2t L ]. Thus we can write:
It is very important to note that the above estimate holds true uniformly in Λ. Now let us remark that there exists Λ ǫ sufficiently large such that
The explanation is that h
we cannot reach the 'other' boundary after less than Λ steps. Thus choosing Λ ǫ larger than the degree of P ǫ is sufficient to conclude that P ǫ (h Λ )|0 = P ǫ (h ∞ )|0 . Now using (3.13) and (3.14) we have:
and the proof is over.
After applying the Lebesgue dominated convergence theorem on the iterated integrals of (3.3), we arrive after some work at a rough estimate of the form:
where C is some positive constant. Thus I α,t (·) is entire in τ . But this estimate only says that the transient current cannot grow faster than an exponential of the type τ 2 e Cτ t , which is not very useful if t is large. But at least if η is chosen such that τ /η is small enough, then (1.3) holds true.
Off-resonant transport
Before starting our calculations we review the Landauer formula for non-interacting electrons [6] which was proved to give the steady-state current both for discrete and continuous models at arbitrary bias [1, 15, 5] . The reason to make some connection between the Landauer formula and our results is twofold. On one hand any calculation in the interacting case should lead to this formula when the interaction strength U is set back to zero. On the other hand one can get some general facts about the expansion of current in powers of the lead-dot tunneling τ . The Landauer formula gives the steady-state current in the lead α:
where the transmittance T αγ (E) is defined as follows (see [6] ):
where we introduced the orthogonal projection on the contact sites m β , Π T := β |m β m β | and
If all eigenvalues e λ of h S are far away from the spectrum of the leads, then the ergodic current becomes analytic near τ = 0 and the leading term is of order τ 4 and coincides with (2.22). In contrast, if some eigenvalue e λ of the sample is inside (−2t L , 2t L ), the ergodic current has a completely different behavior with τ . For simplicity, assume that all other eigenvalues of
, while e λ is non-degenerate and corresponds to an eigenvector φ, i.e. h S φ = e λ φ. Then following [6] one can prove:
where C(e λ , t L ) is some constant. It is clear that this expression has nothing in common with (2.15), which only contains f α and not differences of Fermi functions.
Proof of (ii): Sequential tunneling contribution
In this Section we calculate the first two contributions to the steady-state current, that is the terms of order two and four in the transfer Hamiltonian. Using the identity:
and expanding the unitary evolution e −itH up to the 2nd order in H T one gets from (3.3) and (1.3):
(4.6) By replacing J α and H T one arrives after straightforward calculation at the following expression:
In the thermodynamic limit one has:
where ϕ α E denotes the generalized eigenfunction of the semiinfinite lead corresponding to energy E (see (2.6)). By performing the time integral over s the contribution of order τ 2 to the transient current is obtained as:
where for simplicity we omitted to write the energy dependence of the Fermi functions and we introduced the notations:
Then we perform the final time integral and use the identity:
to arrive at Eq.(2.15).
Proof of (iii): Cotunneling
The 4th order contribution to the current follows from the expansion of the unitary evolution up to the 3rd order in the tunneling operator H T :
(4.12)
In order to achieve a more explicit form of C α,4 (η) we follow the same steps as in the proof of the thermodynamic limit, that is we insert the many-body states of H S in order to deal with the operators acting on F S , then we switch to the proper basis of H L and finally use the Wick theorem for all non-vanishing combinations of the type Tr{a
The calculations are tedious but straightforward. We find that there are 48 terms contributing to the cotunneling current. At the next step we perform the time integrals. It is sufficient to calculate the real part of this integrals because 24 terms are the complex conjugates of the remaining ones. Moreover, one notes that there are only two types of integrals:
(sin tz − sin t(x + y + z) + sin t(x + y))
where x, y, z contain two many-body energies of H S and energy of one or two electrons from the leads (an example is
Then one has to perform the thermodynamic limit, to calculate the integral over time and take the limit η → 0. This final step brings in plenty of delta functions. Our first off-resonant condition was that E ν − E ν ′ − ε q = 0 if the number of electrons in the MBS |ν , |ν ′ differ by one. Our second off-resonant condition implies that E ν − E ν ′ ± (ε q1 + ε q2 ) = 0 , for any pair of many-body energies E ν , E ν whose particle numbers differ by two. By analyzing all combinations of x, y, z it follows that the remaining off-resonant terms arise from δ(x)/zy for B 1 and from δ(x + y)/zy for B 2 . In these terms the delta functions impose conditions of the form E ν ′ − E ν0 + ε q1 − ε q2 = 0, which means that the dot initially in the state |ν 0 passes to the state |ν ′ by exchanging two electrons with the leads. This process is called cotunneling in the physical literature, because the electrons now tunnel pairwise. After collecting all these terms and taking advantage of some cancelations one arrives at the final expression for the cotunneling current given by Eq.(2.17) of the theorem.
Let us make a few remarks on the cotunneling current. From the sequence of A's appearing Eq.(2.18) one observes that the cotunneling processes always imply different leads. Take for example the 3rd term. It describes the following sequence: an electron with energy E enters the dot from the lead α, while the second electron of energy E ′ = E − E ν ′ + E ν0 leaves the dot to lead γ. The remaining two terms described the reverse process: the electron tunnels back from the lead γ and the second one tunnels out to lead α. The other terms can be described in a similar way. Also note that the cotunneling contributions explicitely contain the initial state of sample ν 0 .
A natural question is what we can say about the cotunneling current in the non-interacting case. Let us recall here that e λ are the eigenvalues of h S , i.e h S φ λ = e λ φ λ . Then the operators a # (|m α ) and a # (|m γ ) appearing in the coefficients A in Eq.(2.17) can be written in terms of a # λ := a # (|φ λ ). Moreover, the sums over the many-body states of H S allow one to recover the resolvent (H S − E ν0 − ε) −1 and also the Fermi-Dirac operator f α,γ (H S − E ν0 − ε). As an example we consider the 2nd term in Eq.(2.18. Introducing the notationf γ (E) := χ L (E)f γ (E) one has:
In the above calculations we used pull-through identities like (H S − z)
. Now the only thing we should do is to use the Wick theorem for the trace in the last line (the theorem now holds as the interaction is absent):
Tr FS {ρ S a * λ1 a λ2 a * λ3 a λ4 } = n λ1 (δ λ1λ2 δ λ3λ4 n λ3 + δ λ1λ4 δ λ2λ3 (1 − n λ2 )), (4.16) where n λ = Tr F {ρ S a * λ a λ } and 1 − n λ = Tr F {ρ S a λ a * λ }. The remaining terms in Eq.(2.18) have to be manipulated in the same manner. Collecting all of them one observes that all products of Fermi functions vanish, and all factors likef will only appear asf (E) with E ∈ [−2t L , 2t L ] which allows us to drop χ L . Then the cotunneling current takes the following form (which does not depend on the particle number n λ ):
One recognizes at once the 1st term in the expansion of the Landauer formula (4.1) w.r.t τ in the off-resonant case. So as expected, the off-resonant transport is still described by a Landauer formula in the non-interacting case. As expected, in this case the steady-state current does not depend on the initial state of the sample.
Numerical simulations of the transient regime
Let us consider the same two-site system as the one in Remark 2.5. As we have already mentioned, one can numerically compute transients via the generalised Master equation (GME) method [13] . The main idea behind this method is to write down an equation for the reduced density operator (RDO) ρ r (t) := Tr FL {ρ}. Note that ρ r (t) only acts in the Fock space of the sample. Its derivative w.r.t time gives the evolution of the particle number in the sample which in turn is related to the currents flowing to and from the leads via the continuity equation. The method is usually formulated in terms of Liouvillians (see e.g. [18] for relevant equations). Although the main regime considered in other papers is the resonant one, here we pay more attention to the off-resonant regime. We are motivated by the fact that in our paper the transient current due to sequential tunneling processes is given by a rather simple analytical formula Eq.(4.9), which should be the main contribution on a time scale of order 1/τ . Moreover, since GME also works for the resonant case, it would be a proper tool to compare the two-regimes. The off-resonant setup is achieved by taking a small hopping constant on the leads and by globally shifting the leads' spectrum σ(
is also fixed such that all the many-body states of the sample are below it. The time-dependent currents in the left (L) and right (R) leads are presented in Fig. 1a .
The convention for the sign of the currents is as follows: J L is positive if it flows from the left lead towards the sample and J R > 0 if the current flows from the sample to the right lead. The steady-state regime thus implies J L (t) = J R (t) for some t. Instead of this one notices that both currents exhibit modulated oscillations around zero and no steady-state is achieved, although the amplitude of the oscillations decreases in time. This behavior could be predicted by our analytical result (see Eq.(4.9)). However, if one performs the ergodic limit the results converges to zero in the long-time limit, as clearly seen in Fig. 1b .
The transport in the resonant regime is shown in Fig. 2a for two initial conditions of the isolated quantum dot |ν 0 = |10 and |ν 0 = |00 . In this case we consider a larger t L and the bias window is chosen such that the first state of the dot is below it while the other ones within the bias window. Notice that in this case the parameters are set such that σ(h L ) covers the entire spectrum of h S . The transients are quite smooth and the steady state is achieved around t ∼ 225. In this case there is no need to consider the ergodic limit.
Remark 5.1. In the resonant regime, the steady-state current does not depend on the initial condition of the sample. This has already been rigorously established both in the non-interacting case [1, 8] and for weakly interacting systems [7] . Remark 5.2. If the quantum dot is initially empty, the current on the right lead starts by being negative, which means that this lead actually feeds as well the dot. Fig. 2b shows the charge that accumulates in time on the many-body states containing n particles, and the total charge n tot (the curves correspond to the initial condition |ν 0 = |10 ). The reading of the numerical results is straightforward. The single particle state are depleted in favor of the two-particle state |11 . In the steady-state regime the latter contains in average one electron, because the state |11 contained within the bias window charges/discharges by back-and-forth tunneling of one electron from the leads.
Remark 5.3. The results presented in this section were obtained by numerically implementing and solving the integro-differential equation for the reduced density operator which served us to calculate the transients. A legitimate question is how one could use the GME method if interested only in the steady-state regime? The most tempting step is to assume that a steady-state exists, which in terms of the RDO means that lim t→∞ρr (t) = 0. If so, then one can calculate the stationary RDO from the GME equation and derive the steady-state currents. This strategy is extensively used in the physical literature. Our analysis shows that in the off-resonant regime such an approach is not justified because there is no steady-state. The correct procedure is to work out the time-dependent equations and calculate various contributions to the ergodic current which is the meaningful quantity to look at.
Conclusions
We have presented a rigorous approach to the cotunneling transport in weakly-coupled interacting quantum dots. Using the expansion of the transient current in powers of the lead-dot coupling parameter τ we analysed the leading order contribution (i.e. O(τ 4 )) of the ergodic current which is the relevant quantity to consider in this regime. Explicit calculations for elastic and inelastic cotunneling contributions to transport were presented. For non-interacting electrons one recovers the Landauer formula. For a simple two-level system, we show that in the interacting case the cotunneling current depends on the initial many-body configuration of the dot. To our best knowledge, this memory-effect has not been reported before. An explicit formula for the ergodic sequential tunneling current (i.e. O(τ 2 )) is given. This contribution vanishes in the cotunneling regime but the transient sequential tunneling does not reach a stationary state. These results are also recovered through numerical simulations via the generalized Master equation method. This method allows calculation of transient sequential tunneling currents. A generalized Master equation containing higher order terms has been recently reported [19] , [11] . This motivates a thorough rigorous analysis on the existence of a stationary regime for the reduced density operator.
